Abstract. We study the convergence of the solutions of a sequence of relaxed Dirichlet problems relative to Dirichlet forms to the solution of the F-limit problem. In particular we prove the strong convergence in D [a, ] ( 1 < p < 2) and the existence of "correctors" for the strong convergence in Do [a, Il]. The above two results are generalizations to our framework of previous results proved in [10] in the usual uniformly elliptic setting.
Introduction
In this paper we are interested in the convergence of the solutions of relaxed Dirichiet problems involving Dirichlet forms. The relaxed Dirichiet problem relative to symmetric uniformly elliptic operators was studied by G. Dal Maso and U. Mosco in [11) and [12) ; in particular in 1121 the convergence of the solutions is studied in connection with the r'-convergence of the measures involved in the problems. We recall also that in the two previous papers the connections between relaxed Dirichiet problems and problems of homogenization with holes are emphasized (for the notions concerning homogenization with holes we refer to [1] and [7] ).
The aim of the paper [10] is to study the convergence of solutions of relaxed Dirichlet problems in the non-symmetric uniformly elliptic case (in connection with the F-* -convergence of the measures involved). There some results are also given that are new also in the symmetric case; in particular the strong convergence of the solutions in for all x E X and R R0 , where v = 10 92 CO, so ii is an estimate of the homogeneous dimension of X. Moreover, for any ball B R 9 B2R with B2R 54 X and R R, we have Sobolev inequalities relative to v (see [3, 5] ); a simple covering argument allow to generalize the Sobolev inequality for functions in Do [a,BR] to every R > 0 with constants depending on R.
We recall that under two assumptions (D) and (P) a theory of local regularity of harmonics in B R c B2R with B2R 0 X and estimates on the Green function have been given in [4] (see also [24] ).
In this paper we have one more assumption:
(A) We assume the existence of the Radon-Nikodym derivative c(u,u) (.) da (u,u) E L0(1l,m) dm and the existence of n linear operators L-(i = 1,... , n) from D0 [a] into L2 (X, m) and two positive constants \ and A such that Lu(x) [ 2 <(u, u) (x) A Liu(x) 12 m a.e. in X.
Moreover, we also assume that the adjoint operators L restricted to D[a] are bounded from D [a] into L2 (X,m). The operators L i are closed from D0 [a, ci] into L2(X,rn).
We observe that the above assumptions on the Dirichiet form we are considering holds for the following forms:
(a) for forms connected with degenerate elliptic operators with a weight in the A2 Muckenhoupt's class (here the distance is the usual Euclidean distance and we refer for properties (D) and (P) to [13] ); (b) for forms connected with subelliptic operators both in the case of smooth or non-smooth coefficients (here the distance is defined in relation with the operator and we refer to [21] for the properties (D) and (P)); (c) for forms connected with vector fields satisfying a Hörmander condition both in the case of smooth or non-smooth coefficients, given by a matrix, that is uniformly elliptic with respect to a weight in the A 2 intrinsic Muckenhoupt's class (here the distance is the same as in non-weighted case, the property (D) derives from the definition of the A2 intrinsic Muckenhoupt's class and we refer to [22] for property (F));
• (d) for forms connected with elliptic operators on C°° Riemannian manifolds with Ricci curvature bounded from belowe (here the properties (D) and (P) are consequences of analogous properties for elliptic operators on lR").
For every Bore! subset E of an open set ci in X, let V E Do [a,ci] , v 1 rn-a.e.
I cap a (E , ci) = inf{a(vv) on a neighbourhood of E
We refer for all the properties holding for the capacity related to a Dirichiet form defined on X to the book of Fukushima [15] , only observing that they hold again due to the validity of property (P). We recall that, if E c E c ci, we where the constant C depends only on ci and not on Now we want to recall the definition of r-convergence of a sequence of measures in the space M 0 . For any measure ft E M 0 , let us consider the following functional F defined on L'(0, m): (. [(u,u) 
In Section 2 we will prove that the operators L 1 are closed from DP[a , ] into LP(X,m).
We observe that the above definition allow us to define L iu and c (u,u) for u E DP [a,cl] (see Lemmas 2.3 and 2.4). We also introduce, in Section 4, a sequence of functions independent from f: "correctors", which describes more precisely the behaviour of the sequence u (see [10] and [16] ) in Do [a, ci] . To this aim let us introduce the sequence of solutions w C of the homogeneous relaxed Dirichlet problems with respect to the form a, the function f 1 and the sequence of measures It ' , i.e. We prove, in Section 3, the following result. We end this section by observing that in Section 2, in view of the proof of Theorem 1.4, we prove some preliminary results interesting in itself, in particular we study the Sobolev spaces associated to the form and their dual spaces proving also a generalization of the compact embedding lemma in [25J.
Proof of Theorem 1.4
At first we give the following result on the existence of a cut-off function of a compact set K c 1 with respect to ft 
Then there exists a function K E Do[a, ] fl C°() such that
where C is an absolute constant.
Proof. We can cover K by a finite number of balls with center x, E K (i = 1, ..., q) and radius Let now çb the cut-off functions of B(x1, 4f-) a.e. in (for the existence of cut-off functions between balls and the estimate on their energy densities see [4] ). Choose now = sup1 . It is easy to see that 'K satisfies the conditions of the lemma I
The following result state the Holder inequality in the spaces D [a, ] and prove that the function Ik'!IDP [a,Il] 
+ = 1), let u,v E DP [a, and let finally a(u,u)(.) =
Proof. The proof is analogous to the classical HOlder inequality for the LP spaces.
For the sake of completeness we sketch it here: The density
The function (u, v 
From the Young inequality we have
for a.e. x e Q. By integrating (2.4) in Q with respect to the measure in we obtain
By replacing v by À y in (2.5) where
we prove (2.1). The last part of the result is an easy consequence of (2.3) 1
We remark that from Lemmas 2.1 and 2.2 it follows that D"[a,ci], p E [2,+oo), is a Banach space; then the same property for p E (1, 2) follows from the definition. Morover, we observe that if w-lim.
Lemma 2.3 (a(u,u) and L i in DP [a,ci] , p E [1, 2] Using the condition (A) and the Leibnitz rule we obtain that L,(q5u) is a Cauchy sequence in LP (ci, m) . From the first part of the proof we have
. Using the properties of 0 and the Leibnitz rule we obtain x = 0 a.e. in K, then x = 0 a.e. on Q. The first part of the lemma is so proved. The second part easily follows using assumption (A) I
We have also easily the following
p> 2). Let p E (2,+x). Then DP[a,ci] is continuosly embedded into -L(ci,m) .. and c(u,u) isa continuous operator from DP [a,ci] into L"(ci,m). Moreover, the L, (i = 1,2,..,n) are linear closed operators from LP (ci,in) into LP (ci,rn) with domain DP[a,ci].
Using Lemmas 2.3 and 2.4 we have to define a(u,u)2 and L i u from LP(cl,m) to DP [a,l] (also Q(u,u) then can be defined a.e. in Q) and we have again
where the two positive constants .X and A* depend only on A, A and n in (A) and from p. Moreover,
for every u e DP [a,l] , p E [1,+).
Now we prove the following embedding result, wich has an interest in itself. 
Lemma 2.5 (Compact embedding property
so the point x belongs at most to M = balls B(x,r). Again by property (D') we can estimate q from above by M()". Moreover, we can prove, by the same techniques used above, that every point of BR belongs to at most k L M balls B(x, kr). The method used in the proof of Lemma 2.5 is a refinement of the one used in [17] to prove the same result in the usual elliptic case (see also [14] and [5] , where similar techniques are used).
Lemma 2.6 (Reflexivity). Let p E (1,00). Then under the assumption (A), DP[a,cl] and (D[a,Q]) are reflexive Banach spaces.
Proof. The proof is analogous to the classical case. To prove the reflexivity it is enough to prove that DP [a,1l] On the other hand, applying the Mazur lemma, it is easy to prove that there exists a sequence of non-negative coefficients -y such that -1 and such that the sequence -= strongly converges to b E D [a, ] . This implies that
and then (g1,)
We have to prove that
From the definition of L 2 (l,m)-weakly convergence we have that for any ij > 0 there exists an e. such that for any e > E we have 
Let us assume that V is a compact set in C°(ci). Then
LJK IL e =fKVdI.L uniformly for v e V, where 4PK is the cut-off function defined in Lemma 2.1. We use Stampacchia's method [26] . Let [3] we use 3(u) E Do [a,fl] as test function. By the Sobolev-Poincaré inequality [3, 5] we obtain
Proof. It is enough to observe that KV is a compact set in C°(Q) and
where C denotes here and in the following possibly different structural constants and 
B(z,kfl)
Then, also using the duplication property,
OSCB(z , r)U < C + rn(B(x, R))
j IhFhh and the assertion is proved I Corollary 2.14 (Locally uniform convergence). Let uC be the sequence of solutions of problem (2.11) associated with
.V2, and assume that the sequence G is bounded in D q 1 [a,Q]. Then there exists a subsequence uc of uC which converges uniformly locally in
Now we can prove the result that will be the fundamental tool for the proof of convergence in Dg [a,] where p E (1, 2). 
The first term in the right-hand side converges to 0 uniformly with respect to E with IIIIIq' < 1. Thanks to Corollary 2.14 and to the bound IIII1,q' 1, we have that u 4 , K belongs to a compact set of C°(). Then we use Lemma 2.11 and we have that the second term also converges to 0, uniformly with respect to 0 E -D q l [a, ], with Ii,b11.. i,q' < 1. Finally, from Lemma 2.8 we have that (we, K) converges weakly to 0 in L2 (ci); moreover, u,, is in a compact set in L2 (ci,m) The following corollary of Theorem 2.15 gives a generalization to our framework of a previous result of F. Murat [25] relative to the usual Sobolev spaces. 
Then. D1[a,cl] for every q E (1, 2 Proof. The proof is the same as given in [11] for the usual elliptic setting taking into account the "chaine" rule for the density of our form (see [4] and [151) I
We are now in position to prove Theorem Proof. As in the proof of Lemma 2.2, it is easy to see that
By integrating in ci with respect to rn and by using the standard Holder inequality, we obtain (cl,m) and a( , )(v e ) 2 -+0 a.e. with respect torn, and we conclude by using the Lebesgue convergence theorem I
Lemma 3.2 (Convergence of integral terms). Let us assume that E D[a, ci] fl L(1l, in) and
and that there exists a constant C such that the sequence t E Do[a,fZ] verifies D[a,1l] fl L(1l,m) If "6(t) = inf{(t -6), 61, let us define the function 0 by (x) = I'(w(x)). It has the following properties: CjI u l dm < LO I w l dm= 0.
Then the convergence of (3.29) to zero as 6 -* 0 follows from (3.31) and (3.32) U
We are now in position to prove Theorem 1.5. 
Jw=0
For the last relation we can use the Holder inequality and the equality f,0 Ia(w, w)I din =0 (see Remark 1.2). The. integral. IV: As in the preceding term let first e -0 and apply the remark to Lemma 3.3 to get 
